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Project objectives:
Many mathematical models involve input parameters, which are not precisely known. Global sensitivity
analysis aims to identify the parameters whose uncertainty has the largest impact on the variability of
a quantity of interest - for instance by computing Sobol’ sensitivity indices. In this project we consider
stochastic models described by stochastic differential equations (SDE), whose coefficients depend on some
uncertainty parameter ξ ∈ Rd . More specifically, we are interested in harmonic oscillators perturbed with a
gaussian white noise. More precisely, we consider a vector of uncertain parameters ξ = (ξ1 , . . . , ξd ) ∈ Rd and
the process Zt := (Xt , Yt ) ∈ R2 , t ≥ 0 governed by the following Ito stochastic differential equation:

dXt = Yt dt
dYt = σ(ξ)dWt − (c(ξ, Xt , Yt )Yt + ∇V (ξ, Xt ))dt .
We assume that the process is ergodic with a unique invariant probability measure µ, and that the rate of
convergence in the ergodic theorem is exponential. For such oscillators, we aim at studying the influence of the
uncertain parameters ξ1 , . . . , ξd on quantities of interest defined from the density of the invariant probability
measure µ, namely (x, y) 7→ p(x, y, ξ). We will consider as a toy model the Kramer oscillator with ξ =
4
(σ, κ, α, β) ∈ R∗+ , σ(ξ) = σ, c(ξ, Xt , Yt ) = κYt and with the Duffing’s potential V (ξ, x) = αx4 /4 − βx2 /2.
One knows that function p satisfies the stationary Fokker-Planck equation:
Z
∗
L p(·, ·, ξ) = 0, with constraints p ≥ 0, and
p(x, y, ξ)dxdy = 1,
R

where L∗ is the formal adjoint of the infinitesimal generator associated to {(Xt , Yt ) , t ≥ 0}.
Sensitivity analysis for models driven by systems of stochastic differential equations were presented, e.g.,
in [LMK15, EPPL20]. The main challenges of the present project are the hypoellipticity of the diffusion
under study and the specific nature of the quantities of interest for sensitivity analysis.
The main steps to tackle these challenges will consist in:
• deriving a numerical scheme for the kinetic Fokker-Planck equation,
• proposing a metamodel for ξ 7→ pn (·, ·, ξ) numerical solution of the kinetic Fokker-Planck equation
(based, e.g., on tools presented in [N09]),
• computing from evaluations of this metamodel sensitivity indices for different quantities of interest.
The final aim of this project is to handle the hypoelliptic Fitzhugh-Nagumo model arising from neurosciences (see for instance [LS18]). The quantities of interest for this study are defined from the density function (x, y) 7→ p(x, y, ξ) solution of the kinetic Fokker-Planck equation. In particular, the quanR +∞
tity 0 yp(u, y, ξ)dy approximates the spike rate (subject to uncertainty ξ) for a specific range of the
threshold u. It might also be interesting to consider directly as quantity of interest the density function

1

R
y 7→ p(u, y, ξ)/ p(u, v, ξ)dv by computing sensitivity measures based on the Wasserstein metric, recently
introduced in [FKL20].
Required competences
We seek for a student in probability and statistics with some knowledge and/or interest in PDE issues.
Some knowledge of scientific computing is required (C/C++, Matlab, R or Python).
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